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1. INTRODUCTION

The concept of Nano topology was introduced by
Lellis Thivagar[5] which was defined in terms of
approximations and boundary region of a subset of an
universe using an equivalence relation on it.Nano Gd
closed sets and Nano &G closed sets are introduced
by R. Vijayalakshmi[10],et.,al in Nano topological
spaces . Lellis Thivagar introduced Nano continuous
functions in Nano topological spaces and studies
some of their properties. Aim of the present paper is
we introduce totally Nano Gé-continuous and slightly
Nano Gd-continuous functions in Nano topological
spaces. Also we investigate some of their properties.

2. PRELIMINARIES

Definition 2.1 [5]:

Let U be a non-empty finite set of objects called the
universe and R be an equivalence relation on U
named as the indiscernibility relation. Then U is
divided into disjoint equivalence classes. Elements
belonging to the same equivalence class are said to be
indiscernible with one another. The pair (U, R) is said
to be the approximation space. Let X € U.

(i) The lower approximation of X with
respect to R is the set of all objects, which can be for
certain classified as X with respect to R and it is
denoted by Lg(X) That is

Lr(X) = 2, {R(®):R(x) €X}. Where R(x)
denotes the equivalence class determined by xeU.

(if) The upper approximation of X with
respect to R is the set of all objects, which can be
possibly classified as X with respect to R and it is
denoted by Ur(X) = 2, {R(X): R(x) N X # ¢}

(iii) The boundary region of X with respect
to R is the set of all objects, which can be classified

neither as X nor as not-X with respect to R and it is
denoted by Br(X). That is Bg(X) = Ur(X)- Lr(X).
Property 2.2 [5]: If(U, R) is an approximation space
and X, Y c U, then

i) LX) € X c Ur(X)

i) Lr(¢) = Ur($) = ¢

iii) Lg(U) = Ug(U) = U

iv) UR(XUY) = Ug(X) U Ug(Y)

V) Ur(XNY) € Ur(X) U Ug(Y)

vi) Lr(XUY) 2 Lg(X) U Lg(Y)

vii) Lg(XNnY) = Lg(X) N Lg(Y)

viil) Lg(X) € Lg(Y)andUgr(X) S Ug(Y)

whenever X<Y.

iX) UR(X®) = [Lp(X)]¢ and Lr(X®) = [Ur(X)]°

X) Ur(Ur(X)) = Lr(Ur(X)) = Ur(X)

xi) Lr(Lr(X)) = Ur(Lr(X)) = Lr(X)

Definition 2.3 [3]:

Let U be a non-empty, finite universe of objects and R
be an equivalence relation on U. Let X < U. Let
TR(X) = Nt = {U, ¢, L (X), Ur (X), By (X)}.

Then tx(X) is a topology on U, called as the Nano
topology with respect to X.

Elements of the Nano topology are known as the
Nano-open sets in U and (U, Nt) is called the Nano
topological space. [tr(X)]C is called as the dual Nano
topology of Nt. Elements of [Nt]¢ are called as Nano
closed sets. )

Definition 2.4

Let (U, Nt) be a Nano topological space with respect
to X where X<U and if ACU, then A is said to be
(i).Nano &-close if A=Ncl;(A), where

Ncls(A)={x€U:Nint(Ncl(Q))NA#p,QENT and

xeQ}.
(ii).Nano 8G-closed set if N&cl(A)=Q whenever

ACQ,Q is Nano open in (U, Nt).
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(iii).Nano Gé-closed set if Ncl(A)<Q whenever
AcQ,Q is N&-open in (U,Nt).

Definition: 2.5 [4]

A Nano topological space U is said to be connected

if U cannot be expressed as the union two disjoint non

empty Nano open sets in U.

Definition: 2.6[4]

A Nano topological space U is said to be Nano-Gd

connected if U cannot be expressed as a disjoint union

of two non empty Nano-Gé open sets

Definition: 2.7[4]

A space (U, Nt )is called a locally indiscrete space if

every Nano open set of U is Nano closed in U.

Definition: 2.8 [9]

Every Nano open set is Nano-Gd open and every

Nano closed set is Nano-Gd closed.

Definition 2.9 [4]

A function f:(U, Nt )—(V, No) is said to be Nano G6-

continuous if the inverse image of every open set in

(V, No) is Nano open in (U, N1).

3. TOTALLY NANO G4-CONTINUOUS FUNCTIONS

Definition: 3.1

A function f:(U, Nt )—(V, No) is called totally
Nano continuous if the inverse image of every Nano
open subset of (V, No) isa Nano clopen subset of
(U, Nt).

Definition: 3.2

A function f:(U, Nt )—(V, No) is said to be totally
Nano-Gdg-continuous,if the inverse image of every
Nano open subset of (V, No) is a Nano-Gé clopen
subset of (U, N1)

Example :3.3

Let U= {ay, a, as,a,} with U/R={{ay, a,},{as,as}}

Let X={a,, a,}<U.

Then Nt :{U, (b ,{ di, az}}.

Nano Gé-closed set & Nano Gé-open set

={ U, ¢.{as}{az}{as}{as}{as, a}, {as, as},

{a1, as}.{a, as}.{az, as}.{as, as}.{a1, az,a3}.{as, as,as},
{a1, az,a4},{a, a3,84}}

Let V= {bl, bz, b3,b4} with

VIR={{ b} { bz, bs},{ ba}}

Let Y:{bl, bg}QV

Then the Nano topology

No ={V, ¢, {b1}, {b,, b3},{b1, b2, b3}}.

The the identity function f:(U, Nt )— (V, No)

Then £(V)= V,f(9)=0¢, F*({b.})={ai},

by, ba}={ay, as},F ({by, by, baP)={ay, a»,as}

Thus the inverse image of every Nano open set in V
is Nano Gd-clopen in U.

Theorem: 3.4

Every totally Nano continuous functions is totally
Nano-God continuous.

Proof:

Let N be an Nano open set of (V, No).Since f'is totally
Nano continuous functions, f (V) is both Nano open
and Nano closed in (U, Nt )Since every Nano open

set is Nano-Gd open and every Nano closed set is
Nano-Go closed.f /(V) is both Nano-Gé open and
Nano-Go closed in

(U, Nzt ).Therefore fis totally Nano-Gé continuous.
Remark: 3.5

The converse of the above theorem need not be true.
Example:3.6

U ={a, b, c},with U/R ={ {a},{c}, {, d}} and

X = {a, b} Then the Nano topology,

Nt ={U, ¢, { a;, a-}, {as}}.

Let U= {a;, a,, a3,a4} with

U/R= {{a, a,},{ as},Let X={a,, a,}< U.

Then Nt={U, ¢ ,{ a3, a>}}.

Nano Go-open set =

{U, ¢.{ai}{az}{as}.{a1, a2} {az ash.{as, as}t}

Let V= {bl, bz, b3} with

V/IR= {{ bi},{ by, bs}}Let Y={b,, bs}c V.

Then the Nano topology No ={V, ¢, {b,, b3}}

Then the identity function f:(U, Nt )— (V, No) .
f1({b;})={a;} is totally Nano-G& continuous but not
totally Nano continuous function

Theorem: 3.7

Every totally Go continuous functions is Go
continuous.

Proof:

Let B be an Nano open set of (Y, No). since fis totally
Nano Go continuous functions, f * (B) is both Nano
G - open and Nano G¢ - closed in (X, Nz ). Therefore
F is Go continuous

Theorem 3.8

If f is a totally Nano-God-continuous function from a
Nano-Go-connected space U onto any space V, then V
is an indiscrete space.

Proof

Suppose that V is not indiscrete. Let A be a proper
non-empty Nano open subset of V. Then f*(A) is a
proper non-empty Nano-Gd-clopen subset of (U, Nt)
which is a contradiction to the fact that U is Nano-
Go-connected.

Definition 3.9

A space U is said to be Nano-Go-T, if for any pair of
distinct points X, y of U, there exist disjoint Nano-Gg-
open sets M and N such that xeM and yeN.
Theorem 3.10

A space U is Nano-GJ-T, if and only if for any pair of
distinct points x, y of U there exist Nano-Gd-open sets
M and N such that xeM, and yeN and Nano-Go
cl(M) » Nano-Go cl(N)=4¢.

Proof

Necessity. Suppose that U is Nano-Go-T,. Let x and y
be distinct points of U. There exist Nano-Gd-open
sets U and V such that xeM, yeN and M~N=g¢.
Hence Nano-Gd cl(M)~Nano-Go cl(N)=¢ and by
Definition 3.9, Nano-Gocl(M) is Nano-Gd-open.
Therefore, we obtain Nano-Go cl(U)~Nano-Gé cl(N)
= ¢

Sufficiency. This is obvious.
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Theorem 3.11

If /-(U, Nt )—(V, No) is a totally Nano-Gd continuous

injection and V is Ty then U is Nano-G4-T,.

Proof

Let x and y be any pair of distinct points of

U. Then f(x)= f(y). Since V is Ty, there exists a Nano

open set M containing say, f(x) but not f(y). Then xe

f1(M) and ye f*(M). Since f is totally Nano-Go-

continuous, (M) is a Nano-Gd-clopen subset of U.

Also,x ef *(M) and yeU/f *(M). By Theorem 3.10, it

follows that U is Nano-Go-T,.

Theorem 3.12

Let /(U Nt )—(V, No) be a totally Nano-Go-

continuous function and V be a Ti-space. If A is a

non-empty Nano-Gd-connected subset of U, then f(A)

is a single point.

Definition 3.13

Let (U, Nt) be a Nano topological space. Then the set

of all points y in U such that x and y cannot be

separated by a Nano-Gé-separation of U is said to be

the quasi Nano-Gdé-component of U.

Theorem 3.14

Let f}(UNt)—(V, No) be a totally Nano-Go-

continuous function from a Nano topological space

(U, Nt )into a T,-space V. Then f is constant on each

quasi Nano-Gd-component of U.

Proof

Let x and y be two points of U that lie in the same

quasi-Nano-Go-component of U. Assume that f(x)=«

= =f(y). Since V is Ty, {a} is Nano closed in V and so

V /{a} is an Nano open set. Since f is totally Nano-

Go-continuous, therefore f'({a}) and f}(V /{a}) are

disjoint Nano-Gd-clopen subsets of U.Further, xe f

'{a}) and y e f1(V/{a}), which is a contradiction in

view of the fact that y belongs to the quasi Nano-Go

component of x and hence y must belong to every

Nano-Go-open set containing Xx. There exists Nano

open sets G and A such that AcU cN-int(N-cl(G)).

Definition 3.15

A function f:(U, Nt )—(V, No) is called Nano G&-

irresolute if f* (H) is Nano Gé-closed in (U, Nt ) for

every Nano Go-closed set H of (V, No).

Theorem: 3.16

Letf:U — Vand g : V — W be functions.

Thengof:U—W.

(i) If f is Nano-Go- irresolute and g is totally Nano-
Go-continuous then g ° f is totally Nano-Go

continuous.

(i) If f is totally Nano-Go- continuous and g is
continuous, then g ° f is totally Nano-Go
continuous.

Proof:

(i) Let B be an open set in W. since g is totally Nano-

Go-continuous, g™(B) is Nano-Go-clopen in V . since f

is Nano-Go -irresolute, f *(g™(B)) is Nano-Go- open

and Nano-Gd-closed in U.

since (g = f) *(B)=f (g *(B)).

(if) Let B be an open set in W. since g is continuous,

g '(B) is open in V . since f is totally Nano-Go-
continuous,f /(g”’(B)) is Nano-Gd-clopen in U.
Hence, g ° f'is totally Nano-Go- continuous

4. SLIGHTLY NANO G§-CONTINUOUS FUNCTIONS

Definition: 4.1

A function f:(U, Nt)—(V, No) is called slightly Nano

continuous if the inverse image of every Nano clopen

set in (V, No) is open in (U, Nt).

Definition: 4.2

A function f:(U, Nt)—(V, No) is said to be slightly

Nano-Gé continuous if the inverse image of every

Nano clopen set in (V, No) is Nano-G3 open in

(UN7).

Example: 4.3

Let U= {a;, a,, as} with U/R= {{a:}.{a,,as} }

Let X:{al}g u.

Then Nt={U, ¢ {a;}}.

NanO'GS'Open:{U, ¢l {al},{az},{ag},{al, aZ}!{aln a-3}

@2, as}}

Let V={b,, by, b3} with V/IR={{b1},{b2,b3}}

Let x:{bz, bg}EV

Then No={U, ¢ ,{b,, bs}}.

Let f is defined by f(a;)= by, f(ay)=b,, f(as)=ba.

Then the identity function f:(U, Nt )—(V, No)

Then f(V)=U ,f*(¢)=¢, F*({b:})={a:},

{b,, bs}={a,as}

f:(U, Nt )—(V, No) is said to be slightly Nano-Go

continuous

Theorem: 4.4

For a function f:(U, Nt )— (V, No) the following

statements are equivalent.

(i) fis slightly Nano-Gd-continuous.

(ii) The inverse image of every Nano clopen set N of
V is Nano-God- open in U.

(iii) The inverse image of every Nano clopen set N

of
V is Nano-Go-closed in U.

(iv) The inverse image of every Nano clopen set N of
V is Nano-God-clopen in U.

Proof:

(i)=(ii): Follows from the Definition 4.2.

(ii)=(iii): Let N be a Nano clopen set in V which

implies N© is clopen in V. By (ii),

f/(N® )=(f'(N))® is Nano-Gd-open in U. Therefore,

f/(N) is Nano-Gd-closed in U.

(iii)=(iv): By (ii) and (iii), T /(N) is Nano-Gd-clopen

in U.

(iv)=(i): Let N be a Nano clopen set in V containing

f(x), by (iv), f/(N) is Nano-Go clopen in U. Take

U=f"/(N), then f(M)€N. Hence, f is slightly Nano-GJ-

continuous.

Theorem: 4.5
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Every slightly Nano continuous function is slightly
Nano-Gd-continuous.

Proof:
Let f:(U, Nt )— (V, No) be a Nano-Go continuous
function. Let N be a Nano clopen set in V. Then,
f(N) is Nano-Gd-open and Nano-Go-closed in U
Hence, fis slightly Nano-Gd-continuous.

Remark: 4.6

The converse of the above theorem need not be true as
can be seen from the following example

Example :4.7

Let U= {ay, a,, as,a4} with

U/R={{a:}{ a2 as}{ as}}-

Let X={a;, az}<U.

Then Nt ={U, ¢,{ a1}, { @, as}, { a1, a», as}}-

Let V:{ bl, bz, b3,b4}

with VIR={{b.}.{ b, bs},{ ba}}.

Let Y ={b,, b,}<U. Then, No ={V, ¢ .{ bz, bs}}.
Then the identity function f:(U, Nt )—(V, No) is
slightly Nano-Gé-continuous but not slightly Nano
continuous function.

Theorem: 4.8

Every contra Nano-Gd continuous function is slightly
Nano-God continuous.

Proof:

Let  f:(U, Nt )—> (V, No) be a contra Nano-Go
continuous function. Let N be a clopen set in V. Then,
f/(N) is Nano-Go- open in U. Hence, f is slightly
Nano-Gd continuous.

Theorem: 4.9

If the function f:(U, Nt )—(V, No) is slightly Nano-
GO continuous and (U, Nt )is Nano-Go Ty, Space,
then f is slightly Nano continuous.

Proof:

Let N be a Nano clopen set in Z. Since g is slightly
Nano-Gd- continuous, f/(N) is Nano-Gd open in U .
Since U is Nano-Gd Ty, space, f /(N) is Nano open in
U. Hence f is slightly Nano continuous.

Theorem: 4.10

Let f:(U, Nt )— (V, No) be functions. If fis surjective
and pre Nano-God-open and

(g o J: (U Nt )—> (W, Np) is slightly Nano-Go
continuous, then gis slightly Nano-Gd-continuous.
Proof:

Let N be a Nano clopen set in (W, Np) .Since (g o B:
(U,Nt)—(W,Np)is slightly Nano-Gd-continuous,
fl(g'(V) is Nano-Go-open in U. Since, f is
surjective and pre Nano-Gd-open (£'(g' (N)))=g’
(N) is Nano-Go-open. Hence g is slightly Nano-Go-
continuous.

Theorem: 4.11

Let f:(U, Nt )— (V, No) and g: (V, No) — (W, Np)be
functions. If fis surjective and pre Nano-Gd-open and
Nano-Go-irresolute, then (g o §:(U, Nt )— (W, Np) is
slightly Nano-Gd continuous if and only if gis slightly
Nano-Gd continuous.

Proof:

Let Nbe a Nano clopen set in (W, Np).Since

(g o0:(UNo)—(W, Npis slightly Nano-Go
continuous, £ (g ’(N)) is Nano-Gd-open in U. Since, £
is surjective and pre Nano-Go open (f'(g'(V
))=g (N )is Nano-G5 open in V.Hence g is slightly
Nano-God-continuous.

Conversely, let g is slightly Nano-Gé continuous. Let
Nbe a Nano clopen set in (W, Np),then gis Nano-Go
open in V . Since, fis Nano-G¢ irresolute, £'(g (V)
is Nano-Gdg-open in U.

(g o J: (U Nty— (W, Np)is slightly Nano G&-
continuous.

Theorem: 4.12

If fis slightly Nano-Gé continuous from a Nano-Go-
connected space (U, Nt ) onto a space (V, No) then V
is not a discrete space.

Proof:

Suppose that V is a discrete space. Let N be a proper
non empty Nano open subset of V . Since, fis slightly
Nano-Gd- continuous, £(N) is a proper non empty
Nano-Gd clopen subset of &/ which is a contradiction
to the fact that U/is Nano-Gd-connected.

Theorem: 4.13

If f(U, Nt )— (V, No) is a slightly Nano-Go
continuous surjection and U is Nano-GoJ connected,
then V is connected.

Proof:

Suppose V is not connected, then there exists non
empty disjoint N ano open sets M and N such that
V=MUN. Therefore, M and N are Nano clopen sets in
V. Since, f is slightly Nano-Gd continuous, f/(M) and
f7/(N) are non empty disjoint Nano-Gd open in U and
U=f"(M) u f/(N). This shows that U is not Nano-Go
connected. This is a contradiction and hence, V is
connected.

Theorem: 4.14

If f«(U Nt )—(V, No) is a slightly Nano-Go-
continuous and (V, No) is locally indiscrete space
then f is Nano-Gd-continuous.

Proof:

Let N be an Nano-open subset of V. Since, (V, No) is a
locally indiscrete space, N is Nano-closed in V. Since,
f is slightly Nano-Gd continuous, f~/(N) is Nano-Go-
open in U . Hence, f is Nano-Go continuous.

5. CONCLUSION

Many different forms of continuous have been
introduced over the years. Various interesting
problems arise when one considers openness. Its
importance is significant in various areas of
mathematics and related sciences, this paper we
introduced totally Nano Gé-continuous and slightly
Nano Gd-continuous functions in Nano topological
spaces.and investigate some of the basic properties.
This shall be extended in the future Research with
some applications.
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